This study compares two approaches to modeling a term structure of commodity prices. The first approach specifies the stochastic process of the underlying spot price and derives from the stipulated spot price dynamics valuation formulas of futures and other derivative contracts through no arbitrage. The second approach, as introduced by Smith (2005), is to model the dynamics of the entire futures curve directly by a set of common stochastic factors and to specify factor loadings by flexible functions of time-to-maturity and contract delivery month. Empirical applications of the models to four commodities (gold, crude oil, natural gas, and corn) reveal that the volatility of futures prices exhibits more complex dynamics than the pattern implied by the model stipulating a two-factor Gaussian process of the underlying spot price. Specifically, the flexible model of futures returns depicts the maturity effect and, particularly for the three consumption commodities, strong seasonal and cross-sectional variations in variance and covariances of concurrently traded contracts. Incorporating the depicted variance and covariance dynamics leads the flexible model of futures returns to suggest hedging strategies that are more effective than the strategies based on the conventional two-factor term-structure model.
Introduction
Recent increase in the level and volatility of oil, metals, and other primary commodity prices has created tremendous uncertainties for producers, consumers, and other traders of these commodities. Volatility of commodity prices also affects the national economy, both directly by altering revenue and expenditure on these commodities and indirectly by deferring new investments. In such circumstances, a better understanding of the stochastic properties of these commodity prices and tools to hedge against price risks becomes increasingly important for the smooth functioning of the commodity supply chain.
Stochastic dynamics of commodity prices and valuation of derivative contracts have long been studied in the field of financial economics. The standard approach in this literature is to specify the stochastic process of the underlying asset, usually the spot price of the commodity under investigation, and derive from the stipulated process valuation formulas of futures and other derivative contracts whose payoff depends on the value of the underlying asset realized at the contract maturity date (see Hull, 2002) . This approach dates back to Black and Scholes (1973) who derived pricing formulas of European options under the assumption that the underlying asset value (stock price) follows a geometric Brownian motion (GBM). While following the same approach, many studies modeling commodity price dynamics commonly specify one of the underlying stochastic factors to follow a mean-reverting (MR) process because, for many consumption commodities, demand and/or supply response forces unusually high or low prices to revert to the long-run equilibrium level (Schwartz, 1997) .
Recent advances in this modeling approach have been attained through increasing the number of common stochastic factors and/or stipulating an increasingly complex stochastic process of each latent factor. 1 These flexible models generally exhibit a better fit to the observed price data while maintaining the model parsimonious with pricing formulas of derivative contracts typically determined by a small number of parameters characterizing the stochastic dynamics of the underlying factors. However, it is often understated that the benefit of a parsimonious specification is gained at the cost of potentially large errors in approximating true stochastic dynamics of commodity prices. It has been widely acknowledged that, unlike stocks and other conventional financial assets, commodity prices exhibit complex dynamics. The theory of storage (e.g., Williams and Wright, 1991; Routledge et al., 2000) illustrate that, for a commodity with a significant storage cost, inter-temporal arbitrage establishes an equilibrium constellation of spot and futures prices along which the marginal benefit of current consumption is equal to or above the expected marginal benefit of storing a commodity for future consumption. The weak inequality stems from a nonnegativity of physical storage. If supply is ample relative to demand, inter-temporal arbitrage induces positive inventory up to a point where the two prices differ by the cost of carry. In this case, the convenience yield, representing the implicit revenue from holding a physical asset, is close to zero. In contrast, when supply is scarce, discretionary inventory is driven to zero and the marginal benefit of current consumption exceeds the marginal benefit of future consumption due to high convenience yield. In this case, speculative storage plays a minor role in price determination and the inter-temporal price linkage breaks. This discontinuity in the inter-temporal price link means that price correlations across concurrently traded contracts vary by season. Many commodities also exhibit pronounced seasonality in price and volatility, reflecting seasonality in the underlying demand and/or supply. Volatility tends to be high in the period of tight demand-supply balance because market shocks of even a small magnitude can cause a large price swing. It is also expected that volatility is inversely related to inventory because demand and supply shocks can be absorbed through adjusting inventory. Stochastic processes of the spot price and other underlying factors stipulated in many models of commodity price dynamics, even recently developed complex models, are often too simple to induce a futures price formula that replicates the complex dynamics of commodity futures prices implied by the theory of storage.
An alternative approach to modeling a term structure of commodity prices, as recently introduced by Smith (2005) and later extended by Suenaga and Smith (2011) , is to model directly the dynamics of futures curve. In this model, daily futures returns is decomposed into a set of common stochastic factors affecting all futures returns and an idiosyncratic term.
By modeling futures returns rather than a price level, the model does not specify seasonal or other deterministic variation in the underlying spot price. This model also avoids specifying stochastic dynamics of the underlying factors and imposes no a priori restriction on the factor loadings that connect underlying factors to observed futures returns. Rather, the model specifies factor loadings and the variance of the idiosyncratic term directly by flexible functions so that they can replicate highly non-linear price dynamics of commodities with significant storage costs and seasonality in demand or supply.
In this study, I compare the two approaches to the modeling of term structure of commodity prices; one specifying directly the dynamics of daily futures returns as a flexible function of common stochastic factors, and the other specifying the stochastic process of the underlying spot price. I apply the two models to futures price data from four commodity markets (crude oil, natural gas, gold, and corn). Results from this empirical analysis illustrate that the volatility of daily futures prices exhibits highly non-linear dynamics that cannot be induced by the stochastic process of the underlying spot price stipulated in the conventional two-factor term-structure model. Specifically, the flexible model of futures returns depicts a maturity effect and, particularly for the three consumption commodities, strong seasonality in both its levels and compositions among the two common stochastic factors and the idiosyncratic error. These features together create substantial seasonal and cross-sectional variation in the price correlations of concurrently traded contracts. Incorporating the depicted dynamics of price volatility and cross-contract correlations allows the flexible model of futures returns to suggest hedging strategies that are more effective than a strategy based on the conventional term-structure model specifying a two-factor Gaussian process for the underlying spot price.
The next section presents the two approaches to modeling a term structure of commodity prices. The section also presents a composite model in which the factor loadings are specified as in the conventional spot price-based approach, yet allows for a flexible variance structure of the idiosyncratic errors. Section 3 reports results from estimating the three models empirically with unbalanced panel data from four commodity markets. The results are compared across the models with an emphasis on seasonal and cross-sectional variations in the depicted price variance and cross-contract correlations. Section 4 considers the implication of the models for an optimal strategy to hedge price risk. Section 5 provides a synopsis of the findings to conclude the paper.
Comparison of Two Modeling Approaches for Term-Structure of Commodity Futures
This section presents a flexible model of futures curve dynamics in which daily futures returns is decomposed into a set of common latent factors and an idiosyncratic term. This model is then compared with the conventional term-structure model specifying stochastic dynamics of the underlying spot price and deriving pricing formulas of futures and other derivative contracts.
A flexible model of commodity futures returns
One approach to modeling commodity price dynamics, as introduced by Smith (2005) and later extended by Suenaga and Smith (2011) , is to model directly the daily price changes of all concurrently traded futures contracts. 2 In this approach, a daily return of futures contract is decomposed into the common latent factors and an idiosyncratic term. The model incorporates time varying conditional heteroskedasticity of latent factors and time and crosssectional variation in the factor loadings and idiosyncratic variances.
The model with two common factors is expressed in the following form, 
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The model as originally introduced by Smith (2005) is named as the Partially Overlapping Time-Series or "POTS" model for it is developed for the analysis of commodity futures return data, which usually forms a partially overlapping time series or an unbalanced panel. In this paper, I refer to the model defined in (1)-(3) as a "flexible model of futures returns" or simply "flexible model" because the other two models examined in this paper are also applied to partially overlapping time-series data. 3 The estimates of the three coefficients i  are very small for all four commodities examined in this paper. Restricting these coefficients equal to zero does not alter the results presented in Sections 3 and 4.
where max d is the maximum days to maturity for which the model is estimated. Specification flexibility allows a better fit to the observed data, it also makes the model more sensitive to extreme observations. In the empirical estimation of the model in Section 3, I set K = 3 so that the model is flexible enough to capture seasonality and maturity effects while avoiding excess sensibility to extreme observations.
The unconditional variance of daily log futures returns is given by
. Thus, the model can replicate potentially very complex dynamics in the variance of log futures returns and its composition among the three components.
Furthermore, the two latent factors affect all contract prices whereas the idiosyncratic errors are uncorrelated across contracts. Therefore, correlations across concurrently traded contracts are determined by the share of the variance attributable to the two common factors.
Specification (2) allows these cross-contract correlations to vary by season and across contracts.
For identification, the constraint is imposed as 2 , ,0 2 , ,2 1 2 , ,1 max 1
That is, the loading of the second factor is close to zero at the maximum days to maturity. The condition is equivalent to the one used in Schwartz and Smith (2000) , which allows the two factors to be interpreted as representing the long-term (LT) and short-term (ST) factor, respectively. 4
The conditional variance of latent factors t ε is specified by a bivariate GARCH(1,1) model in a diagonal BEKK specification (Engle and Kroner, 1985) , Since the values of the two common factors are not observable, the coefficients in the model defined in (1)- (3) are estimated through the Kalman filter (Hamilton, 1994) . The measurement equation is formulated by stacking all prices observed on day t, The two state variables are serially uncorrelated whereas the conditional variance of latent factors t ε is serially related through the GARCH process in (3). The conditional expectation in the second equation of (3) is, The model defined in (1)-(3) follows an approach similar to the one introduced by Heath et al. (1992) for modeling the term structure of interest rates; they both specify the dynamics of futures prices (forward rates) directly by a set of common latent factors. Theoretically, these factor models fit perfectly to the observed futures price changes if they include as many latent factors as the number of futures prices observed per day and impose no restrictions on the values of factor loadings. In practice, empirical models include only a small number of factors and impose certain parametric structures on the factor loadings. For example, Cortazar and Schwartz (1994) , in their analysis of commodity contingent claims, include only three factors and plot the factor loadings as a function of time-to-maturity only. These restrictions create a discrepancy between the model's implied and observed price movement.
Previous studies often do not model explicitly this residual component. The model defined in
(1)-(3) differs from Cortazar and Schwartz (1994) in these regards; it specifies the two factor loadings as flexible parametric functions of time-to-maturity and contract delivery month. It also models parametrically the idiosyncratic error with its variance also specified by a flexible function. These specifications together allow the model to depict complex seasonal and crosssectional variations in the variance and covariances of concurrently traded contract prices.
2.2.
A conventional two-factor term-structure model of commodity prices A conventional approach to modeling the term structure of commodity prices is to specify the stochastic processes of the spot price of the commodity and to derive from the stipulated spot price dynamics pricing formulas of futures and other derivative contracts. For example, the following two-factor Gaussian model is commonly considered for the analysis of various commodities with seasonality in demand and/or supply, 5 The price in period t of the futures contract that matures at T is obtained as the period t conditional expectation, under the risk neutral probability measure, of the spot price at T. It 5 Model (4) has been considered, for example, for the analysis of electricity (Lucia and Schwartz, 2002) , natural gas (Manoliu and Tompaidis, 2002) , and agricultural commodity futures, such as corn, wheat, and soybean (Sorensen, 2002) . Gibson and Schwartz (1990) and Nielsen and Schwartz (2004) also consider a two-factor model in analyzing oil and copper, yet they parameterize the dynamics of two factors differently from (4) so that the two factors are interpreted as representing spot price and convenience yield factor. Schwartz and Smith (2000) show that these models are identical to model (4) aside from the absence of seasonal variation in mean price.
can be shown that, for the spot price following the process (4), the price of this futures contract is obtained as, 6
   is the time-tomaturity, and two coefficients x  and z  represent the market prices of risk associated with the corresponding stochastic factor.
The set of parameters defining model (4), { , , , , , }
, is usually estimated with futures price data. To fit equation (5) into multiple prices with different maturity dates observed per day, an error term is added to the right-hand side of (5), which makes the values of the two factors x and z unidentifiable. Thus, the model is commonly estimated with a filtering method. In state-space form, the model is presented as,
, 
That is, the variance is allowed to vary by the contract maturity date (T) but not by trade date (t) or time-to-maturity ( T t  ).
6 Futures price formula (5) assumes constant market prices of risk. See, for example, Sorensen (2002) for details.
Model comparison
A major difference between conventional term-structure models of commodity prices and the flexible model of futures returns defined in (1)- (3) is that the former specifies the dynamics of price level whereas the latter specifies the dynamics of price return. By modeling price returns rather than level, the flexible model does not specify seasonality and other deterministic variations in the underlying spot price that result from demand/supply seasonality and other characteristics of the underlying commodity. 7 Thus, the model is free from bias in specifying such deterministic price variation.
To compare the two models in further detail, take the first difference of the futures price formula in (7),
Comparison of (8) and (1) reveals three major benefits of the flexible model over the conventional approach in modeling a term structure of commodity prices with the specified spot price dynamics. First, model (1) specifies the factor loadings by flexible functions for both the LT and ST factors. In contrast, the factor loadings are determined by a small number of parameters defining the stochastic dynamics of the underlying state variables in conventional term-structure models. Specifically, for the two-factor model (8), the loadings of the ST factor decrease exponentially with time-to-maturity at an identical rate for all contracts, whereas those of the LT factor are constant at unity for all contracts throughout the trading horizon. Second, the flexible model (1) specifies the variance of the idiosyncratic error by a flexible function of time-to-maturity and allows this function to vary across contract delivery months. In contrast, conventional term-structure models impose a simplistic structure on the variance of the measurement error , T t u with the variance allowed to vary only by the delivery month of contract but not by time-to-maturity. Third, the innovations to 7 These deterministic price variations correspond to the seasonal mean price and deterministic trend Strong restrictions imposed on the stochastic dynamics of the underlying factors and the variance of the measurement error potentially lead conventional term-structure models to draw an erroneous portrait of price volatility of a storable commodity with demand and/or supply seasonality. In particular, the model in (6) and (8) stipulates that the variance attributable to the two common factors increases exponentially as the contract approaches maturity whereas the variance of the measurement error does not vary with time-tomaturity. 8 Consequently, the model implies that correlation across concurrently traded contracts decreases monotonically with time-to-maturity. By contrast, the flexible model defined in (1)- (3) allows for the magnitude of futures price change resulting from the common market shocks and that resulting from contract specific shocks to differ both by time-to-maturity and by contract delivery date. This flexibility allows the model to replicate highly non-linear dynamics of commodity prices expected by the theory of storage. The model also gives the same flexibility to the variance structure of the two common factors and that of the idiosyncratic error and thus avoids the magnitude and dynamics of the crosscontract correlation to be determined by the model specification.
In the next section, I estimate the flexible model of futures returns with empirical data from the four markets and compare its estimation results with the estimate of the two alternative models. The first model is the conventional two-factor model defined in (5)- (7). I estimate the subset of the model parameters that appear on the model's first difference form (8), which is directly comparable to the flexible model. Since first differencing eliminates the deterministic variation in mean price level and deterministic variations in the two common factors, the comparison signifies the adequacy of the parsimonious specifications imposed in the conventional two-factor model on the stochastic dynamics of the underlying factors (as determinants of the factor loadings) and the variance of the measurement error. The second alternative model is the composite model in which factor loadings are specified as in the conventional two-factor model (hence imposing a restrictive specification on the stochastic dynamics of the latent factors), whereas the variance of the measurement error is specified by a flexible function as in (2). That is, 
Data and Estimation
This section empirically estimates the three models reviewed in Section 2 with the unbalanced panel data from four commodity markets. The section starts with the description of the data examined and then reports results from estimating the three models with emphasis on their implied volatility dynamics.
Data
The three models presented in Section 2 are estimated with the data from the markets for the following four commodities with varying characteristics:  Natural gas -consumption good with strong seasonality in demand,  Corn -consumption good with strong seasonality in supply,  Crude oil -consumption good with very weak seasonality in demand and supply, and  Gold -investment good with virtually no seasonality either in demand or supply.
The models are estimated using data on daily settlement prices of futures contracts traded at the New York Mercantile Exchange (crude oil, natural gas, and gold) and Chicago Since long-dated contracts do not trade actively, contracts of more than twelve months to maturity are excluded from the analysis, except that contracts up to eighteen months to maturity are analyzed for corn. 10 Excluding these observations leaves 9 Crude oil and natural gas contracts cease trading before the delivery month whereas corn and gold, contracts trade into the delivery month. See exchange's website (www.cmegroup.com) for details in contract specifications. 10 Corn exhibits strong supply seasonality with harvest usually arriving around September to early November. The theory of storage suggests that inter-temporal price link breaks at the end of crop year, creating potentially very complex price dynamics for the September (and December) contract at around 70,800 prices among 307 contracts for crude oil, 52,780 prices among 223 contracts for natural gas, 43,820 prices among 168 contracts for gold, and 48,762 prices among 142 contracts for corn.
All three models are estimated by the method of maximum likelihood with the likelihood obtained through the Kalman filter as described in Section 2. I first estimate the conventional two-factor model (8) 
3.2.
Estimation results: Model specification Table 1 summarizes the results from the specification test. It shows that, for all four commodities considered, the flexible model of futures returns is preferred to the other two models, and the composite model is preferred to the conventional two-factor model according to both the Akaike and Schwarz Information Criteria. The results provide strong evidence that the conventional two-factor model stipulating restrictive structures on the factor loadings and the variance of the measurement errors is not supported empirically for all four commodities. Surprisingly, the model is not supported even for gold for which the storage cost is not significant and virtually no demand or supply seasonality exists.
12 months before maturity. I analyze the contracts as far as eighteen months to maturity to capture potentially very interesting price movements of these two contracts in this period. Volatility starts decreasing in mid-summer after most weather conditions are revealed and reaches the lowest point when actual harvesting is realized around October. Over these periods, prices move very closely for five contracts maturing post-harvest, because corn is an annual crop and one harvest in the current year needs to be stored for consumption until the new harvest arrives in the subsequent year. In normal years, the current harvest is fully consumed during the demand season and no inventory is carried over to the post-harvest season. Thus, the contracts maturing post-harvest show minimal price movement before these crops are planted in early spring. Panel (c) of figure 2 indicates that much of high volatility in the last one month of trading originates in the contract specific errors. The variance of the idiosyncratic error is particularly high for the July contract. This is conveniently explained by low inventory at the end of the demand year, which does not allow unexpected demand and/or supply shocks to be absorbed through inventory adjustment. High variance of contract-specific shock means that a small share of variance is accounted for by the two common factors. This share and, consequently, the correlation among concurrently traded contracts decrease rapidly in the last one month of the trading period, particularly for the July contract (panel d).
[Insert figure 2 somewhere here]
(c) Crude oil
Crude oil is generally thought to have much weaker demand seasonality than natural gas. However, the estimated flexible model indicates moderate seasonality and maturity effects for the volatility of crude oil price ( figure 3 ). In panel a of figure 3 , the estimated loadings of the LT factor is slightly higher for all twelve contracts during winter months. The volatility also increases for all twelve contracts in the last two months of trading, and volatility in this period is slightly higher for winter (January and February) and summer (July [Insert figure 3 somewhere here]
(d) Gold
In figure 4 , the estimated flexible model shows virtually no seasonality or maturity effect for gold price volatility. For all six contracts, the estimated loadings of the LT factor are slightly higher from October to March, yet this seasonal difference is negligible, with variation ranging no more than 3.5 percent of the average (panel a). Another feature that differentiates gold from the other three commodities is that the estimated loadings of the ST factor and the variance of the idiosyncratic errors are very small for all contracts; they are on average 5.7 percent and 1.7 percent, respectively, of the estimated loadings of the LT factor.
These results imply that much of the price shocks to the gold markets are of a long-term nature. High persistence of price shocks is as expected because gold is traded primarily for investment rather than consumption and, unlike other exhaustible resources, the amount of its deposits is well known. Due to large loadings of the LT factor, relative to the variance of the idiosyncratic error, the two common factors account for a large share of the total variance, resulting in high cross-contract correlation for gold as seen in panel (d) [Insert figure 5 somewhere here]
The conventional model allows the variance of the idiosyncratic error to vary by contract delivery date but not by time-to-maturity. In panel b of figure 5, the model estimated for natural gas indicates a higher variance of the idiosyncratic error for winter (January through March) contracts than for the other contracts. However, the estimated variance of the idiosyncratic error, even for these winter contracts, is negligible in size, when compared to the variance attributable to the two common factors. These estimates cause the model to imply very high cross-contract correlation, which increases as contracts approach maturity because the variance attributable to the ST factor increases exponentially. These implications for the magnitude of cross-contract correlation and its dynamics over time-to-maturity are exactly opposite to the implications of the flexible model.
These results signify the severity of the restrictions imposed by the specifications of the conventional two-factor model. Of the three stochastic components in the right-hand side of the model in (8), the ST factor is the only component that captures the dynamics of the price variance over the trading horizon, yet it only allows the variance to decrease exponentially with time-to-maturity at an identical rate for all contracts. It neither permits non-monotonic change of the price variance nor allows the variance to change at different rates across contracts. The model also restricts the idiosyncratic error,
, to be the only component to capture the cross-contract difference in price variance. The estimation results described above are determined by these specifications of the model. For natural gas, the model allocates a large share of the price variance to the ST factor to capture strong maturity effects. It implies low variance of the idiosyncratic errors because seasonal variation in the volatility of natural gas price is small relative to the maturity effect. The severity of these restrictions is apparent when the model is compared with the flexible model, in which the three components are equally flexible in their seasonal and cross-sectional variation and the composition of the observed price movements among the three components is determined by cross-contract price correlation.
In figures 6 through 8, the conventional two-factor model estimated for corn, crude oil, and gold exhibits the same results as for natural gas. For all three commodities, the variance attributable to the two common factors decreases gradually with time-to-maturity at the identical rate for all contracts. The variance of the idiosyncratic error exhibits cross-contract variation, with variance slightly higher for the July corn contract, the August gold contract, and the winter crude oil contracts. However, for all three commodities and for all contracts, the variance of the idiosyncratic error is constant over the trading horizon and much smaller than the variance attributable to the two common factors. The results imply that the two common factors account for a large share of price variance and that this share increases as the contract approaches maturity; the implications are exactly opposite to the estimated flexible models. For gold only, the difference between the flexible model and the conventional twofactor model is small because very weak seasonality and maturity effects lead both models to assign a dominant share of the price variance to the LT factor, resulting in very small loadings of the ST factor and a small variance of the idiosyncratic error.
[Insert figures 6-8 somewhere here]
Estimation results: Composite model
Figures 9 through 12 show the results from estimating the composite model (9). 12 In figure 9 , the variance attributable to the two common factors for natural gas exhibits the same dynamic pattern but is slightly smaller in magnitude than the estimate in the conventional two-factor model (panel a). In panel (b), the variance of the idiosyncratic error estimated for the composite model is substantially greater than the estimates for the conventional twofactor model and exhibits strong seasonality and maturity effect. Strong seasonality and maturity effect of the idiosyncratic error is reflected in the total variance, resulting in a dynamics similar to the one estimated for the flexible model. Nonetheless, the share of the total variance accounted for by the two common factors exhibits different dynamics between the two models simply because the compositions of the price variance among the three components differ between the two models (see figure 9.c and figure 1.d).
[Insert figure 9 somewhere here]
Figures 10 through 12 show that the composite model estimated for corn, crude oil, and gold yields results similar to those for natural gas. The variance attributable to the two common factors decreases with time-to-maturity yet at a slower rate than in the conventional two-factor model. On the other hand, the variance of the idiosyncratic error is estimated substantially greater for the composite model than for the conventional two-factor model. The variance estimate for the composite model also exhibits strong maturity effects with variance in the last month of trading being particularly large for the July contract for corn and the January, July, and August contracts for crude oil. The maturity effect captured by the idiosyncratic error dominates the increase in the loadings of the ST factor, implying that cross-contract correlation decreases rapidly in the last few months of trading. The increase in the variance of the idiosyncratic error near the maturity date is much smaller for gold, resulting in only a marginal reduction in the cross-contract correlation near the maturity dates.
12 In these figures, the variance of futures price attributable to the two common factors is calculated in the same way as for the conventional two-factor model whereas the variance attributable to the idiosyncratic error is given as [Insert figures 10-12 somewhere here]
In summary, estimates of the flexible model of futures returns reveal that the volatility of the three commodity futures; natural gas, corn, and crude oil, exhibit strong seasonality and maturity effects. For natural gas, the volatility in the last few months of trading is particularly high in winter months when demand peaks and inventory is low. Much of the high volatility during this period is captured by the ST factor and the idiosyncratic error because low inventory breaks the inter-temporal price link, resulting in low cross-contract price correlation. For corn, volatility increases in spring through early summer when crops are planted and as much of the weather shocks affecting the growth of these crops are revealed.
During this period, contracts maturing in the post-harvest season exhibit high price correlation. In the same period, the July contract that matures before harvest is subject to high contract-specific shock because low inventory at the end of the demand season breaks the inter-temporal price link. Crude oil exhibits high price volatility both in winter and summer months, but the seasonality is moderate relative to natural gas and corn.
The conventional two-factor model fails to capture these complex volatility dynamics of the three consumption commodities because of strong restrictions imposed on the factor loadings and the variance of the idiosyncratic error. In particular, the model allows neither a cross-contract nor a seasonal variation in the factor loadings. Neither does it allow a variation in the variance of the idiosyncratic error by time-to-maturity. Consequently, the model 
Implications for Optimal Hedging Strategy
In the previous section, estimates of the factor loadings and the variance of the idiosyncratic errors differ substantially across three models. This section compares the three models by their implications for an optimal hedging strategy.
Optimal hedging
I consider a trader with a spot position, Q, in period t, who simultaneously takes a short position in X futures contracts for delivery at t   . At t k    , the trader clears its position by selling Q units in the spot market and buying X futures contracts for delivery at . 
Returns to this trader's portfolio from
which is minimized when the hedge ratio is set as
The minimum variance attained by this hedge ratio is
where ,t k    is the correlation between the change in the log spot price and the change in log price of the futures contract for delivery at  over the period between t and t k  .
In the above variance minimization problem, the delivery date  of the futures contract included into the portfolio is taken as exogenous. In many organized exchanges, however, multiple contracts with different maturity dates are traded simultaneously. Thus, the hedger can choose from these multiple contracts one that attains the minimum portfolio variance.
Equation (11) indicates that, given the time of entry (t) and hedging horizon (k), the portfolio variance is minimized when it includes the contract that exhibits the highest correlation with the spot price over the hedging horizon. Once this contract is identified, the optimal hedge ratio is determined according to (10) as the ratio of the covariance between the spot and futures returns to the variance of futures returns.
Optimal hedging strategy according to the three models
It is apparent in (10) and (11) that specifications of variance and covariance dynamics of spot and futures prices play an important role in determining the optimal hedging strategy.
Given the time of entry (t) and hedging horizon (k), one can calculate the optimal hedge ratio () and the associated portfolio variance for every possible choice of futures contract included into the portfolio (), based on the three models of daily futures returns estimated in Section 3. In particular, the variance of log futures returns in the denominator of the expression (10) , ; ) ( , ; ) for flexible model  is the delivery date of the nearby contract.
The first expression in (13) indicates that, for the conventional two-factor model and the composite model, the covariance between the log spot and log futures returns declines monotonically with time-to-maturity (d) of the futures contract, which results from the specification that the two common factors follow the GBM and MR processes in (4).
Furthermore, for the conventional two-factor model, the variance of log futures returns also declines monotonically with time-to-maturity in (12) yet at a slower pace than the decline in the covariance of the spot and futures returns. Thus, the correlation between the two prices declines monotonically with time-to-maturity and the model proposes that the hedger should include into the portfolio the contract that is the closest to maturity to minimize the portfolio variance. This implication for the optimal hedging strategy generally applies to the composite model except that the model suggests the use of a more distant contract when the close-tomaturity contracts are increasingly subject to high idiosyncratic variance Using the variance and covariance implied by each of the three models, I calculate the optimal hedge ratio for a one-day hedging horizon (k = 1) and t ranging from the first day to the last day of a calendar year. 14 For each t, I compare among the futures contracts maturing in the subsequent twelve months by their correlation with the spot price and calculate the optimal hedge ratio for the portfolio including the contract that exhibits the highest correlation with the spot price. Figure 13 illustrates, for each of the four commodities and for each of the three models, how the futures contract included into the optimal portfolio shifts by the date of entry. The figure shows that the optimal contract differs substantially among the three models. In the figure, the optimal hedging strategy based on the conventional two-factor model includes the second position contract which is the closest to maturity after the nearby contract. This result is expected because the model stipulates that, for each contract, the share of the variance accounted for by the two common factors increases as the contract approaches its maturity date. Thus, on any particular day, the contract closer to maturity exhibits a higher correlation with the spot price unless it receives an exceptionally large idiosyncratic error. The exception is observed for corn in July through mid-August, during which the nearby (September) 14 I consider a hedging horizon of a single day because, in the absence of transaction cost for adjusting futures position, the best (variance-minimizing) strategy for a longer hedging horizon is to alter the choice of contract () and the hedge ratio () every day so as to follow the optimal strategy for a one-day horizon. Staying with the previous-day position could be optimal in the presence of transaction cost. The best strategy in such a setting will depend on various factors such as the length of the hedging horizon, the size of the transaction cost, and the risk aversion coefficient of the hedger. This is beyond the scope of the paper and hence is left for future research.
contract exhibits higher correlation with the third position (March) contract than with the second position (December) contract because of the high idiosyncratic variance of the latter.
[Insert figure 13 somewhere here]
The flexible model and composite model also suggest the use of the near-to-maturity (second position) contract to hedge against the spot price risk for gold and corn. For crude oil and natural gas, the two models suggest the use of a more distant contract; typically the third position contract for crude oil and the third or fourth position contract for natural gas. The two models suggest the use of distant contracts because the contracts closer to maturity are subject to high idiosyncratic shocks and hence exhibit low correlation with the nearby contract. For natural gas, the optimal portfolio includes the June or July contract early in the calendar year (February to May). During this time, contracts for earlier maturity are subject to high idiosyncratic shocks because low inventory at the end of the demand year disconnects the inter-temporal price links. The optimal contract shifts gradually from June to mid-August and, after that, it switches to a winter (December or January) contract. In this post summer season, winter contracts are subject to little idiosyncratic shocks and much of their price movements reflect common market shocks. Around the beginning of November, winter contracts start receiving idiosyncratic shocks and the optimal contract is replaced with a more distant contract. Figure 14 plots the optimal hedge ratio against the time of entry for each of four commodities. In panel (c), the optimal hedge ratio for gold is close to one throughout the year for all three models. For gold, the variance of the idiosyncratic error is very small and a large share of the price variance is accounted for by the LT factor in all three models. Thus, crosscontract correlation is very high and the variance and covariance in expression (10) are about the same magnitude, resulting in the optimal hedge ratio of close to one. Similarly, the optimal hedge ratio for corn remains close to one in panel (d), yet it is slightly lower for the flexible model than for the other two models because the model implies higher idiosyncratic error (and hence the lower covariance of the two prices) than the other two models.
[Insert figure 14 somewhere here]
For the other two commodities, the optimal hedge ratio differs substantially across the three models. For both natural gas and crude oil, the optimal hedge ratio suggested by the conventional two-factor model shows little seasonal variation while it increases gradually towards the end of each calendar month. The model stipulates that the variance attributable to the two common factors increases exponentially as the contract approaches its maturity date. The specification follows that the covariance between spot and futures return increases faster than the variance of futures return, resulting in a gradual increase in the optimal hedge ratio.
The composite model implies a similar strategy as the conventional two-factor model for hedging crude oil price risk, except that it suggests a much smaller variation of the optimal hedge ratio within each month. In contrast, the strategy based on the flexible model indicates a large increase in the optimal hedge ratio within each month simply because the estimated factor loadings increase much faster in this model than in the other two models. For natural gas, the optimal hedge ratio suggested by the flexible and composite model exhibits substantial seasonal variation, reflecting the seasonal variation in the position of the futures contract included in the optimal portfolio. In general, the optimal hedge ratio is high when the portfolio includes a distant contract, because a distant contract is subject to little idiosyncratic volatility and hence results in a low variance of futures return in the denominator of (10). An optimal hedge ratio substantially above unity is often suggested because the futures contract included in the portfolio exhibits small variation, a dominant share of which represents common market shocks. 
strategies are less effective for these two commodities because the nearby contract is subject to a large contract-specific shock near maturity.
For all four commodities, portfolio variance is the smallest for a strategy based on the flexible model. The composite model performs better than the conventional model in hedging spot price risks for crude oil and natural gas. However, the strategy results in a substantially greater portfolio variance than the strategy based on the flexible model for natural gas. This result signifies the importance of specifying factor loadings by a flexible functional form to properly account for not only seasonal and temporal variation in the price variance but also the variation in the cross-contract correlation, the latter of which plays a significant role in designing an effective hedging strategy.
Conclusion
In this study, I compare a conventional two-factor term-structure model of commodity futures with an alternative modeling approach of specifying variance of daily futures returns directly by flexible functions. Empirical estimation of the flexible model of futures returns with daily futures price data from four commodity markets reveal that the price volatility exhibits strong maturity effects for three consumption commodities (crude oil, natural gas and corn) and significant seasonal variation for commodities with strong seasonality in demand (natural gas) or supply (corn). The futures price volatility for three consumption commodities also exhibits complex dynamics in its composition among the two common factors and the contract-specific shock; volatility increases rapidly in the last month of trading, a large share of which emanates from the contract-specific shock. Consequently, the correlation between nearby futures price and prices of more distant contracts declines sharply as the contract approaches its maturity date. The model also reveals that the inter-temporal price linkage breaks at the end of winter for natural gas and at around September to early November for corn. The finding supports the implication of the theory of storage that the inter-temporal price link breaks when inventory clears out, which happens at the end of winter peak-demand season for natural gas and in September right before the new harvest arrives for corn.
The conventional two-factor Gaussian model cannot replicate these complex price dynamics due to restrictive specifications stipulated for the stochastic processes of the underlying factors and the variance of the measurement error. In particular, the commonly considered model specification forces the short-term factor to capture entirely the variation in the futures price volatility by time-to-maturity while it assigns the measurement error to capture the seasonal and cross-contract variation in the futures price volatility. The specification also stipulates that the variance attributable to the two common factors decreases exponentially with time-to-maturity at an identical rate for all contracts. Due to these restrictions, the model implies that cross-contract correlation increases monotonically as the contract approaches maturity, which is exactly opposite to the implication of the flexible model.
The composite model, allowing a flexible variance structure of the idiosyncratic error, performs reasonably well in replicating the complex price dynamics depicted by the flexible model. The results highlight that specifying a flexible variance structure of the idiosyncratic error alone can improve the ability of conventional term-structure models to replicate the complex volatility dynamics of consumption commodities. These findings caution against a recent trend in the development of term-structure models, which focuses exclusively on adopting more flexible stochastic processes of common stochastic factors while maintaining restrictive structures on the variance of the measurement error.
An incorrect portrayal of volatility and cross-contract correlation can lead the Appendix - 
